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The sparsity parameter for clusters of galaxies is obtained in the context of Λ-gravity. It
is shown that, the theoretical estimated values are within the reported error limits of the
measured data. Thus, in the future the sparsity parameter can serve as an informative
new test to detect the discrepancy between General Relativity and Λ-gravity.
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1. Introduction
Newton’s theorem on the equivalence of gravity of spheres and point masses pro-
vides a unifying picture for describing the dark sector (DS).1–3 Namely, within this
approach, on the one hand, the cosmological constant Λ is entered in the equations
of General Relativity (GR) and explains the accelerated expansion of the Universe
as the best candidate for dark energy (DE), on the other hand, it enables one to
describe the dynamics of dark matter (DM) in astrophysical configurations.2 As a
result, the weak-field modification of GR is given by the following metric
g00 = 1−
2Gm
c2r
−
Λr2
3
; grr =
(
1−
2Gm
c2r
−
Λr2
3
)−1
. (1)
It is worth mentioning that although the above metric was known before as the
Schwarzschild-de Sitter solution, which was used to describe the Universe when a
single spherically symmetric object is immersed in de Sitter background, its deduc-
tion based on Newton’s theorem can be used to provide a description for astrophys-
ical structures such as galaxy clusters within the weak-field limit of GR.3 Namely,
within this approach, the weak-field of all objects contains the additional Λ term ac-
cording to Eq.(1).Thus, Λ-gravity assumes that Λ with its current numerical value,4
is a fundamental constant of nature5 which naturally enters in both relativistic and
weak-field gravity equations.
1
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Table 1. The vacuum solutions of GR
Background geometries
Sign Spacetime Isometry group Curvature
Λ > 0 de Sitter (dS) O(1,4) +
Λ = 0 Minkowski (M) IO(1,3) 0
Λ < 0 Anti de Sitter (AdS) O(2,3) -
Indeed, the general function for force F(r) satisfying Newton’s theorem used in
the above metric has the following form (see1, 2, 6)
F(r) =
(
−
A
r2
+Br
)
rˆ (2)
in which the first term is associated to the ordinary Newtonian gravity, while the
linear term is related to the contribution of Λ.
The appearance of the linear term in Eq.(2) and its consideration as Λ in Eq.(1)
has a clear group-theoretical background.2 Namely, depending on the sign of Λ
- being positive, negative or zero - the corresponding vacuum solutions for GR
equations and their isometry groups are obtained according to Table 1.
Then, the Lorentz group O(1,3) is the stabilizer group for all of these maximally
symmetric Lorentzian 4D-geometries. The group O(1,3) of orthogonal transforma-
tions implies a spherical symmetry (in Lorentzian sense) at each point of these
geometries
dS =
O(1, 4)
O(1, 3)
, M =
IO(1, 3)
O(1, 3)
, AdS =
O(2, 3)
O(1, 3)
. (3)
In the non-relativistic limit the full Poincare group IO(1,3) is reduced to Galilei
group Gal(4)=(O(3)×R)⋉R6, as an action of O(3)×R on group of boosts and spatial
translations R6. Similarly, for non-relativistic limit of O(1,4) and O(2,3) groups one
has
O(1, 4)→ (O(3)×O(1, 1))⋉R6 , O(2, 3)→ (O(3)×O(2)) ⋉R6 . (4)
Consequently, the Galilei spacetime is achieved via quotienting Gal(4) by O(3)×R3,
while the Newton-Hooke NH± spacetimes are given by the same quotient group but
for groups achieved in Eq.(4). For all of these cases, O(3) is the stabilizer group of
spatial geometry, that is each point (in spatial geometry) admits O(3) symmetry.
This statement can be regarded as the group-theoretical formulation of Newton’s
theorem.
The next important fact is that, the force in the form of Eq.(2) defines a non-
force-free field inside a spherical shell, thus drastically contrasting with Newton’s
gravity when the shell has force-free field in its interior. Thus by considering the
galactic halos in the context of Newtonian gravity no force can influence the interior
region. But this is somehow problematic with the nature of Newtonian gravity
as the observations indicate that galactic halos do determine features of galactic
disks.7 However, comparing to the Newtonian gravity, the Λ term in Eq.(1) creates
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a non-zero force inside the shell. Moreover, the Λ-gravity is able to describe the
observational features of galactic halos,1, 8 of groups and clusters of galaxies.3
In what follows, we continue the same path of analysis, by studying the so-called
sparsity parameter for clusters of galaxies in the context of Λ-gravity.
2. DM and virial theorem
As widely known, the dark matter indications for galactic systems arise when
using the virial theorem, 2K + W = 0, where K = 12
∑N
i=1miv
2
i and W =
−G
2
∑N
i=1
∑
j 6=i
mimj
‖~ri−~rj‖
are total kinetic and potential energies of a self gravitating,
stationary system respectively. According to currently favored large-scale structure
formation mechanism, dark matter must be made up of cold, non-relativistic (mas-
sive) particles. Moreover, the candidates of DM particles are electrically neutral,
long-lived and interacting only via gravitation. The popular candidates of such par-
ticles are Weakly Interacting Massive Particles (WIMPs)9 or axions.10 However
there are a few “ordinary baryonic” candidates, which are Massive Astrophysical
Compact Halo Objects (MACHOs)11 or interstellar/intergalactic medium. It is also
possible to explain the DM puzzle via modified gravity5, 12 theories. Even without
having any knowledge about DM composition, it is still possible to study its spatial
distribution via numerical simulations, such as the Navarro-Frenk-White (NFW)13
distribution profile
ρr
ρcrit
=
δ0
(r/rs)(1 + r/rs)2
, (5)
where ρcrit =
3H2
8πG is the critical density and rs is characteristic radius. The δ0 is
called the overdensity parameter and defined as
δ0 =
200
3
n3
(ln(1 + n)− n/(1 + n))
, (6)
in which n is the concentration of particles. The dark matter mass inside the radius
r is
M(r) = 4piρcritδ0r
3
s
[
1
1 + nrs
− 1 + ln(1 + nrs)
]
. (7)
Here rs = r/R200 and R200 is the virial radius defined as the radius at which the
density of overdense region (where virial equilibrium holds) is ρ = 200ρcrit. Another
possible source to study DM is Cosmic Microwave Background (CMB) temperature
asymmetry, founded in galactic halos.14, 15 The reason of this asymmetry is Doppler
effect
|∆T |
TCMB
=
2vsini
c
τ, (8)
where ∆T is CMB temperature asymmetry, v is galactic rotational velocity, i is
galaxy inclination angle and τ is optical depth of the interstellar medium (ISM).
In this way one can examine the possible contribution of ISM in the galactic dark
halos.16
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3. Sparsity
Before starting our analysis it should be noticed that in the context of Λ-gravity
the virial theorem is written as
σ2 =
GM
r
−
Λc2r2
3
(9)
where σ is regarded as the velocity dispersion.
Recently, the sparsity parameter has been used to study different modified the-
ories of gravity.17 It is defined, based on virial theorem, as follows
s(c1,c2) =
Mc1
Mc2
(10)
Here, Mci is the total mass enclosed in the radius rci within which the total density
is ci times denser than the critical density
Mci =
4pir3ci
3
ciρcrit (11)
Considering the virial theorem and Eq.(1) simultaneously, we can obtain the sparsity
parameter in the context of Λ-gravity, which is
sΛ(c1,c2) =
Mc1 −
2Λc2Mc1
3c1H2
Mc2 −
2Λc2Mc2
3c2H2
(12)
Clearly, by comparing to the sparsity parameter in the context of standard
GR/Newtonian gravity, it turns out that if we put Λ = 0, the result of Eq.(10)
will be recovered. Namely, the Eq.(12) shows that in the context of Λ-gravity, due
to the presence of Λ term, some new additional terms are appeared. Thus, in order
to preserve the consistency of Λ-gravity with observational results, it is essential to
check whether the numerical value of sΛ(c1,c2) lies inside the error limits of s or not.
Here we use the data of CLASH survey,18 to compare the sparsity parameters
of the reported data with the ones of Λ-gravity. The results have been illustrated
in Tables 2-4.
Comparing the sparsity parameter with sΛ, it turns out that for all cases, sΛ
lies inside the error limits of s. Such result, in its turn, shows that there is no
inconsistency between the observational results and the predictions of Λ-gravity.
Moreover, it ensures that we can use the sparsity parameter as a new criterion to
detect the deviations from GR in future.
4. Conclusion
In the recent years, the search for detecting the possible deviations from General
Relativity, has become an active area of research. Several tests have been proposed to
test the validity of GR and/or mark the possible discrepancy between the predictions
of GR and the observations.
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Table 2. Sparsity parameter s(200,500) for the reported data and Λ-gravity
Cluster redshift z M500 (1015M⊙) M200 (1015M⊙) s(200,500) sΛ(200,500)
Abell 383 0.188 0.61 ± 0.07 0.87± 0.07 1.4260.3140.249 1.420
Abell 209 0.206 0.63 ± 0.07 0.95± 0.07 1.5070.3130.250 1.501
Abell 2261 0.225 0.95 ± 0.16 1.42± 0.17 1.4940.5170.368 1.488
RXJ2129+0005 0.234 0.43 ± 0.04 0.61± 0.06 1.4180.2990.248 1.412
Abell 611 0.288 0.57 ± 0.04 0.85± 0.05 1.4910.2060.179 1.485
MS2137-2353 0.313 0.68 ± 0.05 1.04± 0.06 1.5290.2160.186 1.523
RXCJ2248-4431 0.348 0.76 ± 0.12 1.16± 0.12 1.5260.4730.344 1.519
MACSJ1115+0129 0.352 0.54 ± 0.08 0.90± 0.09 1.6660.4850.360 1.659
MACSJ1931-26 0.352 0.45 ± 0.04 0.69± 0.05 1.5330.2710.227 1.526
RXJ1532.8+3021 0.363 0.34 ± 0.08 0.53± 0.08 1.5580.7870.487 1.552
MACSJ1720+3536 0.391 0.53 ± 0.08 0.75± 0.08 1.4150.4290.316 1.409
MACSJ0429-02 0.399 0.53 ± 0.13 0.80± 0.14 1.5090.8400.509 1.503
MACSJ1206-08 0.439 0.60 ± 0.11 0.86± 0.11 1.4330.5460.376 1.427
MACSJ0329-02 0.450 0.50 ± 0.09 0.73± 0.10 1.4600.5640.392 1.453
RXJ1347-1145 0.451 0.79 ± 0.19 1.16± 0.19 1.4680.780.47 1.462
MACSJ1311-03 0.494 0.32 ± 0.19 0.46± 0.03 1.4372.3310.594 1.431
MACSJ1423+24 0.545 0.41 ± 0.06 0.57± 0.10 1.3900.5240.390 1.384
MACSJ0744+39 0.686 0.49 ± 0.04 0.70± 0.04 1.4280.2150.183 1.422
CLJ1226+3332 0.890 1.08 ± 0.09 1.56± 0.10 1.4440.2320.196 1.438
Table 3. The same as Table 2, but for s(200,2500)
Cluster M2500 (1015M⊙) M200 (1015M⊙) s(200,2500) sΛ(200,2500)
Abell 383 0.26± 0.05 0.87± 0.07 3.341.130.76 3.33
Abell 209 0.22± 0.05 0.95± 0.07 4.311.681.05 4.30
Abell 2261 0.34± 0.12 1.42± 0.17 4.173.051.45 4.15
RXJ2129+0005 0.18± 0.03 0.61± 0.06 3.381.070.76 3.37
Abell 611 0.21± 0.04 0.85± 0.05 4.041.240.84 4.03
MS2137-2353 0.23± 0.04 1.04± 0.06 4.521.260.89 4.50
RXCJ2248-4431 0.27± 0.07 1.16± 0.12 4.292.101.23 4.27
MACSJ1115+0129 0.15± 0.05 0.90± 0.09 6.003.901.95 5.97
MACSJ1931-26 0.16± 0.03 0.69± 0.05 4.311.370.94 4.29
RXJ1532.8+3021 0.11± 0.05 0.53± 0.08 4.815.342.00 4.79
MACSJ1720+3536 0.22± 0.06 0.75± 0.08 3.401.771.01 3.39
MACSJ0429-02 0.19± 0.11 0.80± 0.14 4.217.532.01 4.19
MACSJ1206-08 0.25± 0.08 0.86± 0.11 3.442.261.16 3.42
MACSJ0329-02 0.20± 0.06 0.73± 0.10 3.652.271.22 3.63
RXJ1347-1145 0.31± 0.13 1.16± 0.19 3.743.751.53 3.72
MACSJ1311-03 0.14± 0.02 0.46± 0.03 3.280.790.59 3.27
MACSJ1423+24 0.18± 0.08 0.57± 0.10 3.163.531.35 3.15
MACSJ0744+39 0.20± 0.03 0.70± 0.04 3.490.850.63 3.48
CLJ1226+3332 0.43± 0.07 1.56± 0.10 3.620.980.70 3.61
Here we analyzed the sparsity parameter in the context of Λ-gravity and com-
pared the results with the reported data. The analysis shows a difference between
the predictions of the parameter in the both contexts. However, the predictions of
sparsity parameter in the context of Λ-gravity are fully consistent with the observa-
tional data, as in all cases it lies in the error limits of reported values. As a result,
we can expect that together with gravitational lensing,19 the sparsity parameter
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Table 4. The same as Table 2, but for s(500,2500)
Cluster M2500 (1015M⊙) M500 (1015M⊙) s(500,2500) sΛ(500,2500)
Abell 383 0.26± 0.05 0.61± 0.07 2.340.890.60 2.33
Abell 209 0.22± 0.05 0.63± 0.07 2.861.250.78 2.85
Abell 2261 0.34± 0.12 0.95± 0.16 2.792.251.07 2.78
RXJ2129+0005 0.18± 0.03 0.43± 0.04 2.380.740.53 2.37
Abell 611 0.21± 0.04 0.57± 0.04 2.710.870.59 2.70
MS2137-2353 0.23± 0.04 0.68± 0.05 2.950.880.62 2.94
RXCJ2248-4431 0.27± 0.07 0.76± 0.12 2.811.580.93 2.80
MACSJ1115+0129 0.15± 0.05 0.54± 0.08 3.602.591.30 3.58
MACSJ1931-26 0.16± 0.03 0.45± 0.04 2.810.950.65 2.80
RXJ1532.8+3021 0.11± 0.05 0.34± 0.08 3.093.901.46 3.07
MACSJ1720+3536 0.22± 0.06 0.53± 0.08 3.401.400.80 3.39
MACSJ0429-02 0.19± 0.11 0.53± 0.13 2.785.461.45 2.77
MACSJ1206-08 0.25± 0.08 0.60± 0.11 2.401.770.91 2.39
MACSJ0329-02 0.20± 0.06 0.50± 0.09 2.501.710.92 2.48
RXJ1347-1145 0.31± 0.13 0.79± 0.19 2.542.891.18 2.53
MACSJ1311-03 0.14± 0.02 0.32± 0.19 2.281.961.47 2.27
MACSJ1423+24 0.18± 0.08 0.41± 0.06 2.272.420.93 2.26
MACSJ0744+39 0.20± 0.03 0.49± 0.04 2.440.660.49 2.43
CLJ1226+3332 0.43± 0.07 1.08± 0.09 2.510.730.53 2.50
can be considered as another useful test to mark the direct prediction of Λ-gravity
in the future.
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